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Abstract
In this work, we study the global nonexistence of weak solutions for the doubly degenerate parabolic equation
(uk)t = div(|∇u|m−2∇u)+h(x)u p+H (x)|∇u|q with zero boundary conditions in an unbounded domainΩ ⊂ RN .
By a test function method, we prove that the problem has no global solution if the initial data u0(x) satisfies
lim inf|x |→∞(u0(x)|x |
m+µ1
p−m+1 ) ≥ C0 for some C0 > 0.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
In this work, we are concerned with the global nonexistence of weak solutions to the initial boundary
value problem for the doubly degenerate parabolic equation
(uk)t = div(|∇u|m−2∇u) + h(x)u p + H(x)|∇u|q x ∈ Ω, t > 0 (1.1)
u(x, 0) = u0(x) x ∈ Ω, u(x, t) = 0 x ∈ ∂Ω, t ≥ 0 (1.2)
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where Ω = RN or is an exterior domain of a bounded domain in RN with a smooth boundary ∂Ω ,
m, p > 1, q ≥ 1, k > 0 and u p = |u|p−1u. If Ω = RN , the boundary condition in (1.2) is dropped. We
will only consider nonnegative weak solutions. Hence, we assume that u0(x) ≥ 0 and u0 ∈ L∞loc(Ω).
Eq. (1.1) arises in many applications in the fields of mechanics, physics and biology (non-Newtonian
fluids (m > 2), gas flow in porous media, spread of biological populations, etc.); see [1–3] and the
references therein.
For k = 1, m = 2 and h(x) = 1, H(x) = −b < 0, (1.1) becomes
ut = u + u p − b|∇u|q x ∈ Ω, t > 0. (1.3)
Eq. (1.3) describes the evolution of the population density of a biological species under the effect of
certain natural mechanisms. The gradient term represents the action of a predator which destroys the
individuals during their displacement; see [3].
There are a lot of works dedicated to the global existence and nonexistence of solutions for (1.3) and
(1.2); see [3–7]. The basic idea of the proof for global nonexistence is to compare a solution u with a
sub-solution that blows up in finite time.
For m > 1, 0 < k < 1, we studied the global existence, uniqueness and L∞ estimates of the solution
of (1.1) and (1.2) by the Morse technique in [8,9], in which Ω is bounded and the term H(x)|∇u|q is
replaced by B(u) · ∇u.
In the present work, we are interested in conditions for non-solvability of (1.1) and (1.2) from a
different angle. We investigate the effect of behavior of initial data u0(x) at infinity on the non-global
existence of weak solutions to (1.1) and (1.2). In [6], by the comparison principle and dilation arguments,
Rouchon studied a similar problem for (1.3) and (1.2) in some special unbounded domainΩ . The method
we used is the so-called ‘test function method’ and some modifications and adaptations of ideas from [10]
and [11]. Our proof is based on argument by contradiction, which involves making a priori estimates for
the nonnegative weak solutions of (1.1) and (1.2) by carefully choosing special test functions and a
scaling argument.
Since Eq. (1.1) is degenerate for m > 2 and singular for 1 < m < 2 at points where ∇u = 0, the
problem (1.1) and (1.2) has no classical solution in general and we consider its weak solutions.
Definition. By a nonnegative global weak solution of (1.1) and (1.2), we mean a function u = u(x, t) in
S∞ = Ω × (0,∞) such that
(1) u(x, t) ≥ 0 in Ω × [0,∞) and u is in the class of
L∞loc((0,∞), W 1,m0 ) ∩ L ploc(Ω × (0,∞)) ∩ L∞loc((0,∞), W 1,q0 ).
(2) For all T > 0 and all nonnegative functions φ(x, t) ∈ W 1,mloc (Ω × [0, T )) with a compact support,
the following equality holds:∫ T
0
∫
Ω
u phφ dx dt +
∫
Ω
uk0(x)φ(x, 0) dx =
∫ T
0
∫
Ω
|∇u|m−2∇u∇φ dx dt
−
∫ T
0
∫
Ω
ukφt dx dt −
∫ T
0
∫
Ω
H(x)|∇u|qφ dx dt. (1.4)
Before we state the main result, let us make precise our assumptions on h(x) and H(x).
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(H1) There exist ρ0 > 1, µ1 ∈ R1 = (−∞,∞), µ2 ≥ 0 and functions h0(s), H0(s) ∈ L∞loc(0,∞)
and h0(s) > 0, H0(s) ≥ 0 on [0,∞) such that
h(ρξ) ≥ ρµ1h0(|ξ |), |H(ρξ)| ≤ ρµ2 H0(|ξ |) for ρ > ρ0, |ξ | ≥ 1, ξ ∈ Ω . (1.5)
(H2) There exists a properly small constant d > 0 such that
|H(x)| mm−q ≤ dh(x) x ∈ Ω . (1.6)
Our main result reads as follows.
Theorem. Let m > q ≥ 1, p > m − 1, p > k > 0. There exists a constant C0 > 0, depending only on
the parameters k, m, p, q, such that if
lim inf|x |→∞
(
u0(x)|x |
m+µ1
p−m+1
)
≥ C0 (1.7)
and if one of the following conditions is satisfied:
(i) q < mpp+1 and (H1) holds; (ii) q = mpp+1 and (H2) holds;
then, no global weak solution to the problem (1.1) and (1.2) exists.
Remark 1. When k = 1, m = 2, h(x) = 1, H(x) = −b < 0, our result gives some answers to open
problem 1 in [7].
Remark 2. Condition (1.7) can be replaced by
lim inf|x |→∞
(
u0(x)|x |
m+µ1
p−m+1
)
= ∞. (1.8)
2. Proof of theorem
We define the function φ0(r) ∈ C10 [0,∞) as follows.
φ0(r) =
{
n−1(2 − r)n(r − 1)n 1 ≤ r ≤ 2
0 otherwise
with n > 2. Obviously, 0 ≤ φ0(r) ≤ 1 for r ≥ 0 and
|φ′0(r)| ≤ n1−1/n(φ0(r))1−1/n r ≥ 0. (2.1)
Assume that u is a nonnegative global weak solution of (1.1) and (1.2) in S∞. Let uε(x, t) =
u(x, t) + ε with ε > 0. Since k > 0, m > q ≥ 1, there is a small α0 ∈ (0, 1) such that
max{1 − m,−k, qq−m } < α for α ∈ (−α0, 0). For any T > 0, ρ > 0, we define
φε(x, t) = uαε (x, t) f (t)φ0(|x |/ρ)  uαε (x, t)φ(x, t) x ∈ Ω, 0 ≤ t < T (2.2)
where f (t) = s−1(1 − tT )s with s > 1 which will be specified later. By the definition of the global weak
solution to (1.1) and (1.2), we can take φε as a test function. We let ρ be large enough that the domain
Ωρ = B2ρ\Bρ ⊂ Ω , where Br = {x ∈ RN | |x | ≤ r} for r ≥ 0. It is clear that Supp φε = Supp φ ⊂ Ωρ .
Multiplying (1.1) by φε and integrating by parts, we obtain∫ T
0
∫
Ω
u puαε hφ dxdt +
∫
Ω
uk0(x)(u0(x) + ε)αφ(x, 0) dx − A1 = A11 − A12 − A13 (2.3)
538 C. Chen / Applied Mathematics Letters 19 (2006) 535–540
where
A11 =
∫ T
0
∫
Ω
|∇u|m−2∇u∇φuαε dxdt, A12 =
∫ T
0
∫
Ω
H(x)|∇u|quαε φ dxdt (2.4)
A1 = α
∫ T
0
∫
Ω
|∇u|muα−1ε φ dxdt, A13 =
∫ T
0
∫
Ω
uk(αuα−1ε φut + uαε φt ) dxdt. (2.5)
In the following, we let C or C j be the generic constants independent of ρ, T and Ω . By the Young
inequality and p > m − 1, we have
|A11| ≤ −α4
∫ T
0
∫
Ω
|∇u|mφuα−1ε dxdt + C1
∫ T
0
∫
Ω
|∇φ|mφ1−mum+α−1ε dxdt (2.6)
|A12| ≤ −α4
∫ T
0
∫
Ω
|∇u|mφuα−1ε dxdt + C2
∫ T
0
∫
Ω
u
α+ qm−q
ε |H |
m
m−q φ dxdt. (2.7)
Substituting (2.5)–(2.7) into (2.3) and letting ε → 0, we have from α < 0 that
∫ T
0
∫
Ω
u p+αhφ dxdt + β
∫
Ω
uk+α0 φ(x, 0) dx ≤ C1 A21 + C2 A22 + β
∫ T
0
∫
Ω
uk+α |φt | dxdt (2.8)
with β = kk+α and
A21 =
∫ T
0
∫
Ω
|∇φ|mφ1−mum+α−1 dxdt, A22 =
∫ T
0
∫
Ω
|H | mm−q φuα+ qm−q dxdt.
Moreover, the application of the Young inequality with the parameter η gives that
|C1 A21| ≤ η
∫ T
0
∫
Ω
u p+αhφ dxdt + C3 B1(ρ) (2.9)
β
∫ T
0
∫
Ω
uk+α|φt | dxdt ≤ η
∫ T
0
∫
Ω
u p+αhφ dxdt + C4 B2(ρ) (2.10)
with some small η > 0 and
B1(ρ) =
∫ T
0
∫
Ω
φγ h
1−m−α
p−m+1 |∇φ|m(p+α)p−m+1 dxdt, γ = 1 − m(p + α)
p − m + 1 (2.11)
B2(ρ) =
∫ T
0
∫
Ω
(φh)
k+α
k−p |φt |
p+α
p−k dxdt. (2.12)
Similarly, if q < mpp+1 , then
q
m−q < p and
|C2 A22| ≤ η
∫ T
0
∫
Ω
u p+αhφ dxdt + C5 B3(ρ) (2.13)
with
B3(ρ) =
∫ T
0
∫
Ω
h
−λ2
λ1 |H |
mλ2
m−q φ dxdt, λ1 = (m − q)(p + α)q(1 − α) + αm , λ2 =
λ1
λ1 − 1 . (2.14)
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If q = mpp+1 , then qm−q = p and we have from the assumption (H2) that
|C2 A22| ≤ C2d
∫ T
0
∫
Ω
u p+αhφ dxdt ≤ η
∫ T
0
∫
Ω
u p+αhφ dxdt. (2.15)
Hence it follows from (2.8)–(2.10), (2.13) and (2.15) that
(1 − 3η)
∫ T
0
∫
Ω
u p+αφh dxdt + β
∫
Ω
uk+α0 φ(x, 0) dx ≤ C3 B1(ρ) + C4 B2(ρ) + C5 B3(ρ) (2.16)
with 0 < η < 1/6. We now derive the estimates for Bi(ρ)(i = 1, 2, 3).
Let x = ρξ ; then we have from (1.5) and (2.1) that
|B1(ρ)| ≤
∫ T
0
f (t) dt
∫
Ωρ
[h(x)]− m+α−1p−m+1 |∇xφ0(|x |/ρ)|
m(p+α)
p−m+1 φγ0 (|x |/ρ) dx
≤
∫ T
0
f (t) dt
∫
Ω1
[h0(|ξ |)]−
m+α−1
p−m+1 [φ0(|ξ |)]γ+
m(n−1)(p+α)
n(p−m+1) ρN−θ1 dξ
= T ωNρN−θ1
∫ 2
1
[h0(r)]−
m+α−1
p−m+1 [φ0(r)]1−
p+α
n(p−m+1) dr  C6ωNρN−θ1 T (2.17)
where
θ1 = m(p + α) + µ1(m + α − 1)p − m + 1 > 0, n >
p + α
p − m + 1
and ωN denotes the surface area of the unit sphere in RN . Similarly we have
|B2(ρ)| =
∫ T
0
| f ′(t)| p+αp−k | f (t)|− k+αp−k dt
∫
Ωρ
[h(x)]− k+αp−k φ0(|x |/ρ) dx
≤ β1ωNρN−θ2 T −λ
∫ 2
1
[h0(r)]−λφ0(r) dr  C7ωN ρN−θ2 T −λ (2.18)
with
λ = k + α
p − k > 0, β1 = s
λ(s − λ)−1, θ2 = µ1λ ≥ 0.
Furthermore, when q < mpp+1 , we have
|B3(ρ)| ≤
∫ T
0
f (t)dt
∫
Ω1
[h0(|ξ |)]−
λ2
λ1 φ0(|ξ |)[H0(|ξ |)]
m(p+α)
mp−q(p+1) ρN−θ3 dξ
≤ TωNρN−θ3
∫ 2
1
[h0(r)]−
λ2
λ1 φ0(r)[H0(r)]
m(p+α)
mp−q(p+1) dr  C8TρN−θ3ωN (2.19)
where
θ3 = µ1λ2
λ1
+ µ2m(p + α)
mp − q(p + 1) =
mµ2(p + α) + µ1(q(1 − α) + αm)
mp − q(p + 1) .
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Then we obtain from (2.16)–(2.19) that
inf
Ωρ
uk+α0 (x)ρ
N ωN
∫ 2
1
φ0(r) dr ≤
∫
Ωρ
uk+α0 (x)φ(x, 0) dx
≤ C3C6TωNρN−θ1 + C4C7T −λρN−θ2ωN + C5C8ωNρN−θ3 T . (2.20)
By (1.5), we take µ2 so large that θ3 > θ1. Hence (2.20) implies that
inf
Ωρ
uk+α0 (x) ≤ C9Tρ−θ1 + C10ρ−θ2 T −λ. (2.21)
A simple minimization of the right-hand side of (2.21) with respect to T > 0 yields
inf
Ωρ
uk+α0 (x) ≤ β2ρ−
λθ1+θ2
λ+1 = β2ρ−
(k+α)(m+µ1 )
p−m+1 (2.22)
and
lim inf|x |→∞
(
u0(x)|x |
m+µ1
p−m+1
)
≤ β3 (2.23)
with some β2, β3 > 0, which depend only on k, p, q, m. This completes the proof of the Theorem.
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